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We report a method of magnetic mixing wherein a “vortex” magnetic field applied to a suspension of
magnetic particles creates strong homogeneous mixing throughout the fluid volume. Experiments designed to
elucidate the microscopic mechanism of mixing show that the torque is quadratic in the field, decreases with
field frequency, and is optimized at a vortex field angle of �55°. Theory and simulations indicate that the
field-induced formation of volatile particle chains is responsible for these phenomena. This technique has
applications in microfluidic devices and is ideally suited to applications such as accelerating the binding of
target biomolecules to biofunctionalized magnetic microbeads.
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I. INTRODUCTION

There are many cases where improved methods of fluid
mixing are needed, especially in small confined geometries,
such as microfluidic channels, where the low Reynolds num-
bers make it difficult to induce turbulence. There have been
numerous attempts to address this problem with magnetic
fields, and these fall into two classes: field gradient and uni-
form field techniques. Field gradients are used to generate
forces on magnetic particles, and uniform fields are used to
generate torques on acicular magnetic structures, or Lorentz
forces on charges. The resulting fluid flow vastly accelerates
mixing when compared to fluid diffusion times at the rel-
evant length scales.

Methods relying on field gradients include shuttling par-
ticles through the fluid with a moving permanent magnet �1�,
spinning the fluid across permanent magnetic arrays �2�, and
flowing the fluid across wires that create a field gradient by
current flow �3�. A strong roughly uniform dc magnetic field
has been used to create a Lorentz force on ions transported
between two electrodes �4�, and a strong ac magnetic field
has been used to rotate glass particles containing magnetite
inclusions, apparently due to their small remanence �5�.

Stir-bar strategies have been extended to the microscale
by exposing either permanent or volatile acicular magnetic
structures to a spatially uniform rotating magnetic field. Per-
manent structures include fabricated magnetic rods �6,7� and
magnetite-loaded microbeads chemically bonded into chains
�8�. These extrinsic methods produce a mixing torque that is
limited by the low volume fraction of acicular structures that
can be loaded into a fluid without serious congestion. A mod-
est level of mixing can be achieved by exposing a fluid con-
taining magnetite-loaded microbeads to a rotating field. At
low volume fractions and field frequencies these beads will
self-assemble into volatile chains, providing a modest level
of mixing within the fluid �9,10�. When these beads are used
to bind target biomolecules this mixing may be called intrin-
sic, since no foreign objects need be introduced to effect
mixing. However, at higher field frequencies and particle
loadings the time-average dipolar interaction between fixed
spherical particles becomes negative, so particles form
sheets, not chains, and mixing does not occur �11,12�.

We have developed a different method of intrinsic mag-
netic mixing that generates large torques with modest fields.

Our approach is to apply a vortex magnetic field to a suspen-
sion of spherical magnetic particles. A vortex field is a rotat-
ing field created from two ac fields of identical frequency in
quadrature phase, to which a third dc field component nor-
mal to the rotating field plane is added. The resulting field
vector has the precessionlike motion illustrated in Fig. 1, and
when the root-mean-square �rms� values of the three field
components are equal we call the vortex field balanced.

To the first order, the time-average dipolar interaction be-
tween stationary particles vanishes in balanced triaxial fields
�13�, of which a balanced vortex field is a special case, so
particles can only interact strongly when they form chains
that follow the vortex field vector. The mixing torque is in-
dependent of particle size, so nanoscale volumes can be
mixed with nanoparticles, and only the very modest fields
that can be produced with Helmholtz coils are required. This
method is effective with particles that do not have magnetic
remanence, so it would be an ideal method of accelerating
the binding of target biomolecules to functionalized “para-
magnetic” microbeads, which would simultaneously provide
the mixing torque.

The mixing effects created by a vortex field are striking.
When 4–7 �m iron particles are added to a low viscosity
liquid they quickly settle. Subjecting this sediment to a 200

FIG. 1. The vortex field makes a constant angle � f to the z axis,
which is parallel to the dc field. The rotating field component is
created by applying ac fields in quadrature phase along the x and y
axes. A spherical particle chain makes an angle �m with the z axis
and exhibits an azimuthal phase lag �m.
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Hz rotating magnetic induction field produces no discernible
effect until a dc magnetic field of comparable amplitude is
applied normal to the rotating field plane. The sediment then
disperses to form a suspension that whirls around in the
sample cell. Increasing or decreasing the dc field greatly re-
duces this mixing. Vortex fields with amplitudes as modest as
0.02 T �200 G� rotate the fluid fast enough that the centrifu-
gal force moves the opaque suspension up onto the walls of
the cell, so that the cell bottom is free of fluid.

In this paper we report experiments designed to elucidate
the microscopic mechanism of mixing, and these show some
surprising effects. First, the mixing torque does not increase
with field frequency. By contrast, a stir bar gives a mixing
torque proportional to frequency until stagnation occurs.
Second, the mixing torque is quadratic in the field, whereas
with a stir bar the torque is field independent above the stag-
nation field. Third, with a soft magnetic material such as
iron, the torque is nearly zero in a rotating field and maxi-
mizes when the dc component is comparable to the rotating
field magnitude. Stir bars function optimally in a simple ro-
tating field.

There are several factors that could give rise to a torque
on a particle suspension in a vortex field. Each of these fac-
tors has a unique dependence on the strength of the vortex
field, on the relative strength of the dc component of the
vortex field, on the field frequency, and on the fluid viscosity.

Particle shape anisotropy will cause a soft magnetic par-
ticle to preferentially align with its long axis parallel to the
instantaneous magnetic field. In a vortex field an acicular
particle will have a precessionlike motion that will impart
torque to the fluid. Above the stagnation field this mixing
torque will be independent of the field, since the particle will
rotate at the field frequency. The torque will be optimal in a
simple rotating field, because this maximizes the moment of
the particle around the mixing axis, and will increase in pro-
portion to field frequency until stagnation occurs. Finally, the
torque will increase with fluid viscosity until stagnation oc-
curs and, thus, will vanish for particles in a solid matrix. An
analysis of a nanorod in a vortex field explores these issues
�14�, and a more recent paper on isolated ellipsoidal particles
explores some of these issues as well, including the residual
asynchronous motion that occurs in the stagnation regime
�15�.

A frequency-dependent susceptibility will cause the dipole
moment of a particle to lag behind the field, creating torque.
This torque will increase with frequency, reach a maximum,
and then decrease. This torque will be insensitive to fluid
viscosity and will persist even for particles in a solid matrix.
The torque will be strong in a rotating field.

Particle agglomerates can lead to a fluid torque if the
agglomerates have a susceptibility anisotropy. For example,
a low-frequency rotating field applied to a very dilute sus-
pension will assemble particles into chains. Magnetic mea-
surements on particle chains show that the susceptibility par-
allel to a chain is nearly three times larger than
perpendicular. Because of this, a chain will rotate with the
applied field. However, a chain is not a simple stir bar; it is a
volatile structure that can grow through aggregation or
shrink through fragmentation induced by hydrodynamic
forces. A full consideration of particle chaining in a vortex

magnetic field is involved �14�, but the results are easily
summarized. The torque will increase with the field energy
density, will be roughly independent of the field frequency,
and will vanish for a solid composite. Finally, the application
of a dc field is essential to torque production. If the dc field
is too small the agglomerates will have a sheetlike structure
with a negligible susceptibility anisotropy; if the dc field is
too large, the chains will tend to grow without bound and
collapse along the vertical �mixing� axis, producing negli-
gible torque.

II. EXPERIMENT

Torque measurements were made on 4–7 �m carbonyl
Fe powders obtained from Lord Corporation, chosen for their
low remanence. These particles were either dispersed in liq-
uids of differing viscosities � �ethanol, with �=1 cP at
25 °C, benzyl alcohol �8 cP� or ethylene glycol �16 cP�� or
immobilized by a polymerizable resin to create a solid com-
posite. Typically, 150 mg of Fe particles were dispersed in 2
ml liquid to create a 1.0 vol. % suspension.

Torques were measured by suspending the samples into
the triaxial magnet with a 0.75-mm-diameter nylon torsion
fiber and measuring the angular displacement of the vial in
the field. The vortex field has three parameters: frequency f ,
magnitude H0, and polar field angle � f. These parameters are
defined through

H0 = H0�sin � f�sin�2�ft�x̂ + cos�2�ft�ŷ� + cos � fẑ� ,

so the dc field �mixing axis� is in the z direction. For a
balanced vortex field the three rms field components are
equal, so sin � f =�2 /3, cos � f =�1 /3, and � f 	54.7°.

III. RESULTS

We first examine the dependence of the mixing torque on
the magnitude of a balanced vortex field, comprised of a
rotating field and a vertical field whose magnitude is equal to
the rms value of either of the rotating field components. The
vortex angle of such a field is atan��2�	54.7°, the so-called
magic angle in NMR. Measurements on an ethanol suspen-
sion show a nearly field-squared dependence, Fig. 2�a�, over
the frequency range of 100–500 Hz, but the more viscous
ethylene glycol suspensions show a complex field depen-
dence, Fig. 2�b�, especially at 500 Hz, where the torque is
low at low fields. These measurements indicate that particle
agglomerates, probably chains, produce mixing. The vortex
field produces little torque on the solidified suspension, so
the frequency-dependent susceptibility of Fe plays a negli-
gible role.

The second issue is the dependence of the torque on the
vortex field angle � f. The results in Fig. 3 show a maximum
torque at a vortex field angle near 60°—essentially a bal-
anced vortex field. The torque falls off rapidly at higher
angles because the particles form sheetlike structures �12�
that have negligible susceptibility anisotropy in the plane.
The falloff at lower angles is discussed below.

The ethylene glycol data in Fig. 4�a� show that the mixing
torque is essentially independent of frequency at the highest
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field strength and falls off rapidly with frequency at the low-
est. Furthermore, Fig. 4�b� shows that at 500 Hz the torque
decreases with increasing viscosity. These trends are oppo-
site to that expected for fluid mixing by particle rotation,
which should be quite similar to mixing with a magnetic stir
bar, and we shall see that this is a complex aspect of torque
production by volatile agglomerates.

IV. DISCUSSION

The experimental results we have shown can be explained
by the field-induced formation of particle chains, the shape

of which is shown in the dynamical simulation in Fig. 5. As
shown in Fig. 1, these chains follow the vortex field, but with
a phase lag �m in the azimuthal angle swept out by the field.
This phase lag decreases with field strength and increases
with chain length, field frequency, and fluid viscosity. As the
phase lag increases, the polar angle of the chain to the dc
field �m decreases. This reduces the moment of the chain and
thus the mixing torque.

Particle chains are volatile structures that are held to-
gether by the magnetic interactions between particles, which
must be strong enough to balance the viscous forces on the
spinning chains. Larger fields promote the formation of
longer chains, and higher frequencies reduce the average
chain length. In general, spinning chains will aggregate to
form longer chains until the viscous forces dominate the
magnetic forces, at which point a chain will fragment near its
center. The physical picture is similar to the chain model of
electro-rheology and magneto-rheology �16�, but the geom-
etry is more complex.

An analysis of chains in a vortex field �14� leads to results
that are consistent with our experimental observations. First,
the torque density in the fluid is given by

T =
1

12
�p�0M2�sin2 � f − cos2 � f for � f � 45 ° , �1�

where �p is the particle volume fraction, M is the particle
magnetization, and �o is the vacuum permeability. This
expression predicts that the mixing torque is proportional to
the field squared at low fields and is independent of field
frequency, fluid viscosity, and most notably, particle size.
Our data show these effects, as well as more complex behav-
ior that arises when the experimental conditions do not
strongly support mixing �i.e., low field, high frequency, high
viscosity�.

FIG. 2. The specific torque density �torque per unit volume of
particles� of Fe particles in balanced vortex fields �� f 	54.7°� is
shown as a function of field strength. �a� The specific torque density
in ethanol is essentially independent of field frequency and roughly
quadratic in the field, although at higher fields the effect of mag-
netic saturation is apparent. �b� In ethylene glycol, which has a
viscosity 16 times that of ethanol, the field dependence is much
more complex, especially at 500 Hz, where mixing is very weak at
low fields.

FIG. 3. The specific torque density of Fe particles in ethanol is
strongly dependent on the vortex field angle, with a maximum near
a balanced vortex field.
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The transition from mixing to quiescent regimes is gov-
erned by the so-called Mason number Mn, a ratio of the
viscous forces that tend to fragment particle agglomerates to
the magnetic forces that cause agglomeration. In terms of the
liquid viscosity � and the field frequency 	,

Mn =
9

2

�	

�0M2 . �2�

Our expression for the mixing torque is only valid for very
small Mn, where the dominant magnetic interactions pro-
mote particle chaining. A calculation shows that the maxi-
mum stable chain size is related to the Mason number
through

Nmax
2 =

1

16Mn�sin2 � f − cos2 � f

for � f � 45 ° , �3�

where the number of particles in a chain is 2N. The maxi-
mum chain size increases with the field, decreases with in-
creasing viscosity and field frequency, and is independent of
the particle size. Remarkably, the change in the chain size
with these parameters is exactly what is needed to keep the
mixing torque constant. This strange behavior is a manifes-
tation of the well-known shear-thinning viscosity of
magneto-rheological fluids in an applied field.

The transition from the mixing to quiescent regimes is
due to the failure of chain formation. Above a critical Mason
number Mn� the viscous forces so dominate the magnetic
forces that even particle dimers do not form. By substituting
Nmax=1 into Eq. �3� this critical Mason number is shown to
be

Mn� =
1

16�sin2 � f − cos2 � f

for � f � 45 ° . �4�

In a balanced vortex field particles chain only when the Ma-
son number is smaller than roughly 0.1.

Although we cannot predict how the mixing torque will
falloff when the Mason number exceeds Mn�, we can still
use the Mason number to create a master curve that demon-
strates that particle agglomeration is responsible for mixing.
To compute the Mason number at low fields we use M
=
pH0 for the particle magnetization and the theoretical
value 
p=3 for the apparent susceptibility of a sphere of
high susceptibility magnetic material such as iron �17�. The
torque density should then be of the form T
=

�3
4 �pB0H0g�Mn�, where g�Mn�=1 for Mn�Mn� and is

monotonically decreasing for Mn�Mn�. Data plotted on the
dimensionless axes T / ��pB0H0� versus Mn should thus yield

FIG. 4. The specific torque density of Fe particles in balanced
vortex fields �� f 	54.7°� is shown as a function of frequency and
viscosity. �a� At the highest field the torque is essentially indepen-
dent of frequency, but at the lowest field it decreases rapidly with
frequency. �b� The torque density is independent of liquid viscosity
at 100 Hz but decreases with viscosity at 500 Hz.

FIG. 5. Brownian dynamics simulation of a chain in a balanced
vortex field shows the curvature of a chain near its maximum pos-
sible length. Inset is the view along the mixing axis.
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a master curve. Plotting the data in Figs. 2�a�, 2�b�, and 4 on
these axes yields the master curve in Fig. 6. The chain model
thus predicts the mixing behavior in the strong mixing re-
gime, where Mn0.02. Above the predicted critical Mason
number of 0.1 the torque should technically be zero, and it is
indeed 90% smaller than in the strong mixing regime. The
maximum amplitude of �2 of the dimensionless torque
T / ��pB0H0� is more than four times our predicted value of
�3 /4	0.43. In fact, accounting for local dipolar fields in-
creases the predicted dimensionless torque amplitude to 1.0
�see Eq. 34 of Ref. �14���, and the remaining factor-of-2
discrepancy can be partly attributed to the fact that the par-
ticles are somewhat aspherical, which increases their magne-
tization in a given applied field �17�. But an additional source
of this discrepancy is that the chain model we have proposed
only accounts for dipolar interactions, which is only correct
in saturating magnetic fields. For multidomain particles in
low fields multipolar interactions significantly increase the
interaction force �16�.

The dependence of the measured torque on vortex field
angle is not easily explained. Equation �1� predicts that the

torque should vanish for vortex field angles smaller than 45°,
a trend seen in the experimental data. This falloff occurs
because for low vortex angles it is possible for particle
chains to grow without limit and align with the dc field,
becoming stationary. For vortex field angles larger than 45°
this alignment cannot occur because the chains become un-
stable and fragment as their phase lag increases and their
polar angle decreases. For large vortex angles Eq. �1� does
not apply because the particles form stationary sheets, not
chains, under such circumstances �13�. In fact, vortex mixing
works better than predicted at smaller vortex angles, and we
attribute this to the fact that the shear field in the fluid itself
causes the chains to fragment at lower field angles. The
single chain model we have proposed assumes that this fluid
is stationary, in other words, we have ignored the collective
hydrodynamic interactions of a many-chain system.

The second reason a balanced vortex field is so effective
for mixing is that it does not strongly favor the formation of
competing stationary structures. This is because in a bal-
anced field the negative dipolar interaction produced by the
rotating field on a pair of stationary particles cancels, to the
first order, the positive dipolar interaction produced by the dc
field �13�. In fact, the formation of stationary structures is
possible, but only for Mason numbers exceeding Mn�.

V. CONCLUSIONS

We have shown that magnetic particle suspensions can be
efficiently mixed in a balanced vortex field. This mixing is
much more effective than that produced by a simple rotating
field and is due to the formation of volatile particle chains
that follow the field with a precessionlike motion. In the low
Mason number, chain-forming regime, the mixing torque in-
creases quadratically with the field and is independent of the
field frequency, fluid viscosity, and particle size. This mixing
technique is a viable technology for mixing problems on any
scale, including mixing in microchannels and accelerating
the binding of biomolecules to surface-functionalized
magnetite-loaded microbeads.
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